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[1] Find Y from the following:
(@) y =3x~%+ 350 * 4 % (b) y = cosh 2x . sinh x? () y = tanx.In(2* + v3)
(d)y = tanh™'x* +sin"'x  (e)y = xVX 4 (sinhx)* (f)ycosx +xsiny = 2
Vsin%x + sin x5
Ei/x+cos x.ﬁ/x+cosh X

(Qy= (h)y =t? +Incost, x=t+tan !Int

[2](a)Find the following limits:
(i) Li x* + sin*x (ii) Li In(1 + e (iii) Li )
i) Lim -7 p— ii Xl)rorg(x n(l +e*)) iii X:rr%l (secx — tanx)

(b)Determine the maximum and minimum points of the functions:
2
f(x) =xe™, gx)=1-x3, hx)=x*—-4In(x+1).
(c)Show that sech™* x = In(1 + V1 — x2) — Inx
(d)Write the Maclurin’s series of the function: f(x) = xIn(2x + 1)

2

[3](a)Find the integrals: (i)j(4 X “dx

—— (i) x2 tan L xdx (iii) cos® x sin~* xdx
_X2)3/2 J ]

(b) Find the area bounded by: r=

and y-axis.
1+cosH

(c) Find the circumference of cardioid: r=a(l—cos0)

. : i 1 .. sinx dx
4](a)Find the integrals: (i dx i
1) ° ()Ix5/2(3x +1)%/2 Ic:osx(1+cos2 X)
m-1
(B)If 1, =[tan™xdx show that I, :m:n—_lx—lm_z

(c)Find the volume generated by revolving the cycloid: x=6-sin6, y=1-cos0

about y — axis.

(d)Find the area of the surface of revaluation generated by revolving the hypocycloid
X =ac0s° 0, y= asin®0 about x-axis.
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Model Answer
Answer of Question (1): 24 Marks

@)y = —12x7> — 3%"*,In 3. cosx (b) y° = cosh 2x.cosh x?. 2x + 2 sinh 2x. sinh x?
_ 2%In 2 ) N . 2x 1
(C)y—tanx.2x+\/§+sec x.In(2* +/3) (d) y =—+t=
(€) y' = eVEinx (Llnx +ﬁ) n (f) y'cosx—ysinx + siny + xcosy.y =0
2vx x . .
« _ ysinx—siny
o ln sinh x (ln sinh x + x b x) Then y = oS X+X cos y
sinh x
_1 .5 o5y —sin t
(Q) Iny = -In(sin°x + sinx”) My = 2t+——
= 1/t
1+———
%ln(x + cosx) — iln(x + cosh x) +1+(ln t)
y' _ 15sin*x.cos x+ cos x°.5x*
Then y 2 sin 5x + sin x°
l 1—sin x . l 1+sinh x
8 x+cos x 4 x+cosh x
Answer of Question (2): 26 _Marks
1 sin #x
. x*+sin*x _ 0 __ . =7 1+1
(a)(l) Lim g x> +tan 4x 0 Lim +ta2 T 041 2
(i) Limy o0 (x — In(1 + €)) = 00 — 00 = Limy o, In[—] = Lim,, ln[z ]=In1=0
) . 1—sin x . CoS X
1 —_ = 00 — 00 = b1 = T =
(iii) lex_)g(sec X — tan x) leX"E — leX"E — 0

(b) From f'(x) =e™ —xe™ =0, thenx=1.

Since f(x) = —2e* +xe ™, (1) = —e~!. Then the point x =1 is maximum.
1

From g'(x) = —%x_E # 0 and g'(0) = o but f(0) = 1. Then we test this point.

since g'(07) = g'(-1) == and g'(0") = g'(1) = -3

Then the point x =0 is maximum.

From h'(x) = 2x—x4:= 0. Then x> +x—2=0.Then x=-2, x=1.

Since g (x) =2+ 4(x + 1) %2 and g (1) = 3. Thenthe point x=1 is minimum.

The point x =—2 is not critical because h(-2) is not real.



2e¥
eyt

— -1 _ __ 2
(©)If y =sech™ x. Then x = sechy = e

Then xe? — 2¢¥ +x = 0. Then e’ = ——[2 + V& — 4x7] = - [1 + VI — ¥]

Then yzln[1+ X | 1n[1+\/1—x ]—lnx
(d) Since f(0) =0,

f(x) =In(1 + 2x) + =In(14+2x)+1——— and f(0) =0

) =

£ =—4(1+2x)"2—8(1+2x)"3 and £(0) = —
F®O) = 16(1 + 2x)73 + 48(1 + 2x) * and F®(0) = 64

2 “
1+2x (1+2x)2 and f7(0) = 4

4 12 64
Then f(x) = 0+0x+5x2—; x3 +—x4+

Dr. Mohamed Eid

Answer of Question (3): 25 Marks
2

: x“dx : : . :
(1) jm Use trigonometric substitution put x=2siné

-.dx=2c0s0d@ and x2 :4sin20, \/4—x2 =\/4—4sin29 =2c0s8

j x“dx  (4sin®@).(2c0sdd@) . (4sin® §.)(2c0sdd@) 8 4sirf 6 codd
(4-x?)3? (4- 4sin®9)*'? (4cos?0)3/? 8 coso

_js'n ¢9d49_j tan®0de| (sec’d—1)dd =tand—O+c= X —sin‘1§+c

cos? 6 4 — x2

(i) | x?tan~! xdx Integrate by parts

u=tantx dv = x%dx
sodu= dX2 let v:lx3
1+ X 3
3
.'.judv:sztan‘lxdx:1x3tan‘1x—ljX dx :1x3tan‘1x—1j(x— X )dx
3 3'1+x% 3 3 1+ X2

:1x3tan‘1x—l 1x2—ln(1+ x2))+c: 1x3tan‘1x—1x2+lln(l+ x2)+c
3 3\2 3 6 6




(i) | cos® x sin™* xdx= | cos? x sin~* x(cos xdx) = (1—sin® x )sin~* x(cos xdx)

=[ (sin X)™ — (sinx) % )(cos xdx) = %(Sin X) " +(sinx) " +¢

-1 3
= ?CSC X+CSCX+C

(b) r= replace @ by —@ we find that r does not change which indicate that
1+ cosé

the curve symmetrical about x- axis then the required area given by

wl?2 wl?2 wl?2
[l ; rzdej: (I L R

0 (L+cosf)? 0 (Zcoszﬁ)2
wl2 ml2 ml2
_30 [ sec*? 2do=9 j (sec? ‘9)(secz ‘9)d9 9 j (sec? ‘9)(1+tan2 ‘9)d9
0
ml2 wl2
—9 j (sec? +sec2‘9tan29)d9 Q{Ztan +§tan3§}
0

:Q[Ztan% + %tan34} = 9[2 + ﬂ =|24 square unit

Another solution

= transfer the equation to the Cartesian form as following
1+cosé

= = I +rcosd =6 substitute by x=rcosdthen r=6-xand
1+cosé

=36-12x+x° sincer?=x%+ y2

x2+y2:36—12x+x2 = y2:36—12x
Which represent a parabola with intercept x-axis at x=3 and y axis at (0,£6)
Required aria given by

33 12, o2\,1 32 2,1, 3 :
A_Z(j) ydx_2(j) (36—12%) dx_2(§)(ﬁ)[(36—12x) }O_z(g)(ﬁ)(—e) _ 24 unit

dr )
c) r=a(l-cos@ S.—=asing
(c) r=a(i-coso) 0




2
r2 +[j—;} =a’(1-cos@)? +a’sin’ 6= aZ%(Z—Zcose)

=2a’ (1—cosd) =4a ssz

or 2r
/r + dr /4a sin® d@ 2ajsm—d0 4a[ cosg} =[8a]

0
Answer of Ouestlon (4). 25 Marks
1 1 1
(a) (i) | 575 375 dx = | dx = dx
x> “(3x +1) X5/2X3/2(3X +1)3/2 X4(3xx+1)3/2
3x+1

Put u= then u=3+ 1 and x=(u —3)‘1 by differentiate we have
X X

dx =—(u —3)‘2du Substitute in the problem

1 . (U=-3)du (u 3)%du , (u®-6u+9)
IX4(3,X+1)3,2 dx = (u—3)4()*? =] )32 =] 02 du
X

- (u1/2 _eu-Y2 +9u_3/2)du :(gualz _1oyt2 _18u—1/2j

3/2 1/2 ~1/2
_ E(3x+1) _12(3x+1) _18(3x+1j T
3 X X X

i sin x dx
(i) | 2
cos X (1+ cos” x)
Put u=cosx then du=—sinxdx then becomes | sin x dx —=—] du 5
cos X (1+cos” X) u@@+u°)
Resolve the fraction % into its partial fractions ; é Bu+C
u(l+u2) u@+u?) U (@+u?)

1=Al+u?)+u(Bu+C)
A=1B=-1C=0
1 1 u
ul+u?) U (1+ud)

2
—jd—“ vy £ “d“2 —nu+Sin+ud) = —lnu+ Inyisu? = In Y2 L

u(l+u?) u 1+u?) 2 u




sin x dx \1+ cos? x e

I 7o =|In
cos X (1+cos” x) COS X
(b) I, =[tan™xdx = [tan™ 2 xtan? xdx = [tan™"% x(sec? x —1) dx
m-1 m-1
= j(tanm‘2 xsec? x —tan™2 x)dx _fan —[ tan™% xdx = tan_ X_ l?
m-1 m-1
t=2r t=2r
V=27 | xydx=2z [ (6-sind)(1-cos)(1-cosd)de
t=0 t=0
t=2x 5 5
=27 [ (6—260cosO+0cos” O —sind +2sinPcosd —cos” GsinP)do
t=0

3 1,1 1 1 2
:27{192—2(93in0+cos€)+E(§esin29+zcosze)+cos:9+sin20+§cos30} = 67°

0
b 2 2
(d)We shall use S, =27 y {%} {ﬂ} dé
. “\Ldo| "|de

since X=acos 6, y:asin39 then 3—2:—3ac0526’sin0, dd—é::Basinzecose

2 2
[3—2} + [j—ﬂ —9a% cos? #sin? 6 +9a” sin* G cos? @ = 9a sin? Hcos? O

2 2
y\/[g—ﬂ {%} :asin39\/9a25in29c0329:3a25in46’0039

b 2 2 7l?2
~Sy=2x[y [%} +[ﬂ} do=2(2x) | 3a?sin* 0cos0de
3 déo déo 0
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